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Helmholtzs 1858 paper
Uber Integrale der hydro-dynamischen Gleichungen, welche den

Wirbelbewegungen entsprechen. Journal fur reine und
angewandte Mathematik 55, 25-55.
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Circulations or “strengths”:
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Two-vortex motion:
vortices (a) of the
same sign; (b) of
opposite sign; and
(c) a vortex pair.
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Diagrams from

N. E. Joukovskii, [Helmholtz’s] works on mechanics,
Uchen. Zap. Imp. Moskov. Univ. 9 (1892) 37-52

(in Russian)




Kirchhoff's 1877 lectures
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Point vortex equations can
be written in Hamiltonian

form:
: oH
raxa=m B

where H is the Hamiltonian:

N
H= - Z_ Fal“ﬁlog‘za—zﬁ‘




From translational invariance:

From rotational invariance:

From invariance to time translation: H itself




Poisson bracket algebra
Definition of the Poisson bracket:

5> - ( T ag)

X Wi Y OXi

o=1 (04

Fundamental Poisson brackets:

R
|ZOL,Z|3}= o F

[za,zﬁ: =0

(0

N
Key results: [X,Y]= D, T, ,[X1I]=2Y, [Y,I] = -2X
=71

0.
Thus, |X2+Y2 1| = 2X[X, 1]+ 2Y]Y, 1] =0
(E. Laura, 1904)




Grobli (1877): Explicit reduction to quadratures

(arbitrary circulations)

Poincare (1893): Always three
integrals in involution: H, I and
X2+YZ2 Thus, three-vortex

problem (on unbounded plane) is
integrable for arbitrary set of
vortex strengths.

Synge (1949): Geometrical inter-
pretation of Groblis solutions
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Walter Grobli (1852-1903)




= - B - § = § -

Zweites Semester.  Von 2//../9/(777-(’/ 18 //p bis 75 .A/{tf.(éé/ 18 /é

= Nummer . - . . . atum :
Vermerk des Quastors |ges platzes |Eigenhiandige Einzeichnung Abgemeldet bei dem
er

it
Auditorio, des Docenten. nmweldung, Docenten.

/,?t 77 2 | f ' ;
&//41/( //dr)ﬁf / ) ¢

Srof el Loty
;/1)/.»43?/ n4 ’ﬂft/

Yorle
betreffend das Honorar

9

//‘////(//(/?/A///

y( /,’ /7//7(’/1’ A

J ?//Uimys;w%

/7/ ,///f//}/!M
4. fr}n ;z/;a }/"‘

Toore 3 Al5ta |
/;V Aot s mir

T A ’ - C4 . ‘. 7 ’-'"'/7 . <
D. 7T MA ot a3 v()f'qr ‘ ~t /unrl« laa

////14/)”)(4(}‘ ﬂf /{jﬂ* 4/
,/ Horer>tpa 55

: 0 : 7 |00. FE o
;Zm{ 19/4!4/ ‘ [/ Cved o] : Wp(””/%

;;f P /4 I/ﬂ’w




O
O
O
O
O
O
O
O

Summary of first 120 years

1858: Helmholtz's paper on vortex dynamics

1877: Kirchhoff's lectures on mechanics

1877: Groblis thesis on three-vortex problem

1878: Simple solutions for identical vortices by Kelvin
1893: "Theorie des Tourbillons” by Poincare

1949: Synges paper on three-vortex problem

1975: Novikovs paper on the three-vortex problem

1979: Aref's paper on the three-vortex problem




SIR W. THOMSON (LORD KELVIN)
Floating magnets [illustrating vortex systems]
Nature, Vol. XVIII (1878) 13-14

» WiLLlLam Thomson
| 1824-190F




16A% = 25955 + 25255 + 28557 — 57 — 55 — 53

Constants of the motion:
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Geometric representation: i Iy i I I Fg
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1
Triangle inequalities: ©
2(T'1Tobyby + Tol'sbobs + [sTybsby) > (L1b)* + (Taby)? + (T'3b3)?
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Viviani’s theorem

2(T1Tabiby + Tol'sbobs + T'sTbgby) > (Tiby)? + (Taby)? + (T'sbs)?.
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Phase plane 1:1:1

b,, b22, b, Eropozr’rional
to dz3, d31, dpo,

I8 o o
respectively

Only states inside
bold circle are allowed

Center corresponds to
the equilateral triangle

Boundary corresponds
to collinear states




Motiown of three Loentical vortices

(2,1)-like...
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Figure 2: Vortex trajectories for three identical vortices, a case illustrated in detail by Grébli in his thesis. (Top) Figure

4 from Excerpt #17; (a) a modern re-calculation; (b) one period of the area pulsation. Initial vortex positions (solid
circles) are labeled 1, 2, 3, final positions (open circles) 1/, 2/, 3'. The value of of \? is 243 /343 ~ 0.708....
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Phase plane
2l




® b, b, b, proportional
to d%s, dg], d122
1—‘l FZ F3
respectively

Only states inside
ellipse are allowed

P* corresponds to the
equilateral triangle

Boundary corresponds
to collinear states










JE. Oty Kb ;

Nikolat Yegorovich Zhukovskli
1847 - 1921




Groblt 1877 Modern computation




Ciritical values

_ 1
0O — 1,57—




(a) *

Figure 7: Examples of direct scattering close to trapping. (a) A = —0.255, (b) 2.01. Note that the orientation of the

vortex triangle changes following collinearity. Substantial scattering angles are possible close to trapping.
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(a) (b)

Figure 4: (a) Grobli’s illustration of trapping in an equilateral triangle configuration; (b) later parts of a recalculation
using the initial conditions in Fig.2 with 0 = 1, L = 100. (Trajectories of vortices 1 and 3 coming in from ‘infinity’
are shown; vortex 2 is only tracked from configuration 123 to 1'2’3’.) Note that the asymptotes to the trajectories of

vortices 1 and 3 are at x1 = % and z3 = g, respectively and not, as one might expect, x; = % and x3 = %
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Figure 6: Trapping of the three-vortex system (I', I, —I") in a collinear relative equilibrium.

Motion is from configuration 123 to 1'2’3’.




(b)

Figure 8: Examples of exchange scattering close to trapping. (a) A = —0.245, (b) 1.95.

The vortices are never collinear. Substantial scattering angles are possible close to trapping.
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ALL vortiees move




Interacting Two-dimensional Vortex Structures: Point Vortices, Contour Kinematics and Stirring Properties
V. V. MELESHKO & G. J. F. VAN HEIJST, Chaos, Solitons & Fractals, 4 (6), 977-1010 (1994)




Phase plane
2:1:(=3)




The case of vanishing total circulation

F121+F222+F3Z3=X+iY F1+F2+F3=O

Set

Then, all vortex separations
Z1-2,=L

can be stated in terms of Z

rz-=
[’

I',Z+=
'3

Coa =

where = = X +1iY
Z3‘Zl=

Rott, Aref (1989)




=>dlZa-z; Y Z3- 2, Equa’r.lons of motion
combine fo produce

o




Interpret as advection of particle at Z by three

stationary vortices:

Circulation _ Position Rotate coordinates so X = O

Note:
I+ T30 20

Rott, Aref (1989)




T, s=2:1:(-3)

AImZ

Rott, Aref (1989)
Trajectory plots by M. A. Stremler




Saddle points correspond fo
translating relative equilibria

Al i ad dnlltS ii&u'du'l.h.lr"J

B is mirror image
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Saddle connections flip vortex friangle orientation g

R =2 =3))
Trajectory plots by M. A. Stremler




Best known example: Vortex
Tripole

Lab version: Kloosterziel &
van Heijst, J. Fluid Mech. 223
(1991) 1

Point vortex counterpart:
Three vortices on a line with
strengths in the ratio -1:2:(-1)

Configuration rotates about
central vortex

Photo courtesy of G. J. van Heijst




The “restricted” four-vortex problem

Advection of a particle by flow field due to
three inferacting vortices

Dynamical system:

z-motion IS non-
infegrable in
general; simple
example of
chaotic advection

H. Aref, “The development of chaotic advection.”
Physics of Fluids 14, 1315-1325 (2002).




e Vortices
e Stagnation points

Siebeck conic

/

Ll Dividing streamlines

H. Aref & M. Brgns, "On stagnation points and streamline topology in vortex flows.”
J. Fluid Mech. 370, 1-27 (1998)




Integrable four-vortex motion

In general, four-vortex motion is non-integrable.

However, recall earlier results:
N

[X,Y]= D, T, ,[XI]=2Y, [YI] = -2X

a=1

N
Thus, if X =Y =0, and 2 T,=0, X, VY, I and H

a=1

are 4 independent integrals in involution...

..and the four-vortex problem is integrable!

Eckhardt (1988); Aref & Stremler (1999)




Sample trajectories
for the integrable
four-vortex system
with circulations
4:1:(-2):(-3)

From H. Aref & M. A. Stremler,
“Four-vortex motion with zero
total circulation and impulse.”
Physics of Fluids 11, 3704-3715
(1999)




Three vortices in a periodic strip or box

e Think of as vortex rows/lattices (strip/box)
e System is still Hamiltonian

¢ Translational invariance is maintained

e Rotational invariance is lost

® Thus, H, X and Y are general integrals

N
[H,X] = [H,Y] =0, [X,Y] = 2 T,

oa=1

® Conclusion: Three-vortex system with zero net

circulation in a periodic strip/box* is integrable
*) Double periodicity of flow field assures zero net circulation




Karman vortex street
e Steady state: two-vortices-in-a-strip problem
e Stability: four-vortices-in-a-strip (Domm 1959)
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Aleksandr Aleksandrovich

Friedmann
1222 - 1925

.

dz

Friedmann, A. & Polubarinova, P. 1928 Uber fortschreitende Singularititen
der ebenen Bewegung einer inkompressiblen Fliissigkeit.
Recueil de Géophysique, Tome V, Fascicule II, Leningrad, pp. 9-23
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Karman vortex street as a
two-vortices-in-a-periodic-strip configuration

continued «<— ; : —> continued
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Shedding from an oscilla’ring cylinder can
produce vortex wake patterns with three
vortices (net circulation zero) per cycle

Re =140 photo by C. H. K. Williamson




Comparison of flow visualization and 2D simulation (FE with vortex
method to give shedding at cylinder) From Ponta & Aref, 2006




Three vortices, total circulation = O,
in a periodic strip of width L

F121+F222+F3Z3=X+iY F1+F2+F3=O
Z1-Z2,=L

22-Z3= F
3

I')Z+=

Coin = T
3

Aref & Stremler, 1996




i e |

21="(FZC(ZI"ZZ)+F3C(zl-z3)) Clz)=—— |

2; = (F3C(Z Sz 23) + FIC(ZZ— zl))

23=-1 (rlc(z 3~ 21) + FZC(z3— 21))

2" =il (c(z) ' C|Q ~(v+ %)z] - C|Q (v~

Aref & Stremler, 1996




This ODE can be interpreted™ in terms of
advection by three vortex rows:

Circulation

Positions

nL

-:-I-nLF3

Y

=+nbl';
L

Note: If v is rational,
rows are commensurate!
=10 e e

*) After some transformation

Aref & Stremler, 1996




T, 5=2:1:(-3)




Trajectories that correspond to infinite plane case:
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T, 5=2:1:(-3)




[:I',;:T5=2:1:(-3) Commensurate case - relative motion is periodic!




Simulation of three-vortex shedding from an oscillating cylinder
Parameters: Re = 140, A/d =1, Md =75

1 1
! !

106
0.4
{02
10
102

.04

-0.6

-0.8

| -1

30 35

Fernando Ponta, 2003
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T, 5=2:1:(-3)




Three-vortices-per-period relative equilibria
can be found analytically (Stremler 2003)

Other examples where translation is along the rows - oblique streets also in abundance!
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T, 5=2:1:(-3)
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"N Advection problem for three !

: vortices, [';:I',:I'5 = 2:1:(-3)

Advecting vortices of
the three “families”

Sample trajectory corresponding
to a “complex” regime




produce "maximal
. chaotic advection”
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Advecting vortices are
i Steady state in square
of side 10L

From Stremler & Aref, 1999




Aref

A. Stremler and H.
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J. C. McWilliams

Foure 2. For caption see facing page.
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