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Helmholtz’s 1858 paper
Über Integrale der hydro-dynamischen Gleichungen, welche den 
Wirbelbewegungen entsprechen.  Journal für reine und 
angewandte Mathematik 55, 25-55.
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2πi

Γβ
zα–zβΣ′
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Circulations or “strengths”:
Positions:

 Γα

  zα = xα + iyα; α = 1, ..., N

Asterisk means complex conjugation;
prime on summation means   β ≠ α



Diagrams from
N. E. Joukovskii, [Helmholtz’s] works on mechanics, 
Uchen. Zap. Imp. Moskov. Univ. 9 (1892) 37–52
(in Russian)

Two-vortex motion: 
vortices (a) of the 
same sign; (b) of 
opposite sign; and
(c) a vortex pair.

(c)



  
Γαyα = – ∂H

∂xα

Kirchhoff’s 1877 lectures

where H is the Hamiltonian:

Point vortex equations can 
be written in Hamiltonian 
form:

  

H = – 1
4π ΓαΓβlog zα–zβΣ′

α,β = 1

N

  
Γαxα = ∂H

∂yα



Integrals of the motion

From translational invariance:

From rotational invariance:

From invariance to time translation:   H itself

  

I = Γα zα
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X + iY = ΓαzαΣ
α = 1

N



Poisson bracket algebra
Definition of the Poisson bracket:
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Fundamental Poisson brackets:
  zα, zβ = 0

  
zα, zβ* = –

2iδαβ
Γα

Key results: [X, Y] = , [X, I] = 2Y, [Y, I] = –2X
  

ΓαΣ
α = 1

N

Thus,
 
X2 + Y2, I = 2X X, I + 2Y Y, I = 0

 f, g =

(E. Laura, 1904)



Gröbli (1877): Explicit reduction to quadratures 
(arbitrary circulations)

Walter Gröbli (1852-1903)

Poincaré (1893): Always three 
integrals in involution: H, I and
        .  Thus, three-vortex 
problem (on unbounded plane) is 
integrable for arbitrary set of 
vortex strengths.

 X2 + Y2

Synge (1949): Geometrical inter-
pretation of Gröbli’s solutions





Summary of first 120 years
1858: Helmholtz’s paper on vortex dynamics

1877: Kirchhoff’s lectures on mechanics

1877: Gröbli’s thesis on three-vortex problem

1878: Simple solutions for identical vortices by Kelvin

1893: “Théorie des Tourbillons” by Poincaré

1949: Synge’s paper on three-vortex problem

1975: Novikov’s paper on the three-vortex problem

1979: Aref’s paper on the three-vortex problem



William Thomson
1824-1907
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Excerpt #16

SIR W. THOMSON (LORD KELVIN)
Floating magnets [illustrating vortex systems]

Nature, Vol. XVIII (1878) 13-14

The extract from the American Journal of Science, describing experiments with floating mag-
nets by Mr. Alfred M. Mayer, to illustrate the equilibrium of mutually-repellent molecules each
independently attracted towards a fixed centre,. . . must have interested many readers.1

It has interested me particularly because the mode of experimenting there described, with a
slight modification, gives a perfect mechanical illustration (easily realized with satisfactory enough
approximateness) of the kinetic equilibrium of groups of columnar vortices revolving in circles
round their common centre of gravity, which formed the subject of a communication I had made
to the Royal Society of Edinburgh on the previous Monday.

The condition of kinetic equilibrium of a group of vortex columns, that is to say the condition
that they may revolve in circles round their common centre of inertia, is, as proved in my com-
munication to the Royal Society of Edinburgh, that the product of their mutual distances must be
a maximum or minimum or a maximum-minimum for a given value of the sum of the squares of
their distances from the common centre of gravity;2 and the condition that this kinetic equilibrium
may be stable is that the product be a true minimum for a given value of the sum of squares of
their distances from the centre of inertia. Taking, for example, a simple triad of vortices (or of the
little magnetic needles of Mr. Mayer’s problem) it is thus obvious the equilibrium is unstable in
the case represented by Fig.1(a), and stable in the case represented by Fig.1(b)3. The arrowheads
in (a) and (b) represent the motions of the vortex columns round their centre of gravity. It must
be understood that the core of each column revolves also round its centre of gravity, in the same
direction as the group round the common centre of gravity of all, with enormously greater angular
velocities.

Figure 1(a) Figure 1(b)

I have farther considered the problem of oscillations in the neighbourhood of configurations of
stable equilibrium. The general problem which it represents for mathematical analysis has a very

1The reference is to Mayer (1878b). There is a series of papers by Mayer (1878a-f), with considerable overlap, some republished in Nature and
Philosophical Magazine (one assumes at the encouragement and with the facilitation of Kelvin).

2Helmboltz proved that whatever the complication of motions due to mutual influences among the vortices, their centre of gravity must remain
at rest.

3The illustrations have been re-drawn based on the originals.
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In this paper we shall be concerned solely with the configurations of the vortex system, under-
standing by configuration the geometrical figure formed by the vortices, without regard to rigid
body displacements of that figure. Thus, if a system of three vortices forms a triangle with sides of
fixed lengths throughout the motion, we say that the configuration is fixed...

Since the case of two vortices is trivial, we turn to the case of three vortices, without impos-
ing any particular a priori condition on their strengths. This is precisely the problem discussed
by W. Gröbli1 over seventy years ago. However, he was interested in obtaining formal analytic
solutions for the motion, and found it necessary at an early stage to specialize the strengths of
the vortices. He seems to have missed the interesting fact that the motions may be classified ac-
cording to the positive or negative character of the sum of the products of the strengths in pairs,
Γ2Γ3 + Γ3Γ1 + Γ1Γ2. It seems appropriate therefore to take up this problem again, concentrating
on a qualitative classification of all possible motions rather than on the development of analytic
solutions. The basic equations ... are the same as Gröbli’s, but are obtained here in a simpler way.
The representation of the motions by trilinear coordinates is believed to be new.2

The geometrical construction to which Synge refers, and which is worked out in detail in his
paper, is a generalization to the case of arbitrary vortex strengths of the construction we saw in
the context of the problem of three identical vortices, given already by Gröbli (Excerpt #17) and
rediscovered a century later by Novikov (1975; Excerpt #18). In 1979, unaware of Synge’s and
unfamiliar with Gröbli’s work3, I published a paper (Aref 1979) in which constructions very similar
to Synge’s were used to produce essentially the same results he had obtained 30 years earlier. By
then Synge’s work had apparently been forgotten. At least the expert referees consulted regarding
my manuscript did not mention this paper.

1. The equations of relative motion
We return to Eqs.(III.19)

ds2
1

dt
=

Γ1

π
2∆

s2
3 − s2

2

s2
2s

2
3

,

ds2
2

dt
=

Γ2

π
2∆

s2
1 − s2

3

s2
3s

2
1

, (1)

ds2
3

dt
=

Γ3

π
2∆

s2
2 − s2

1

s2
1s

2
2

,

where ∆ is given by

16∆2 = 2s2
1s

2
2 + 2s2

2s
2
3 + 2s2

3s
2
1 − s4

1 − s4
2 − s4

3, (2)
1Synge references Gröbli (1877) in the republished version as a journal article, and writes: ”Gröbli also investigated certain cases of symmetry

for N vortices.”
2In a letter to the author of January 10, 1985, Synge wrote: “It is very annoying to solve a problem and then find out that it has been done before.

It has happened to me often, because I am very lazy about looking up the literature. As far as I remember, I solved the three-vortex problem, and
only later found out about Gröbli... It is a fascinating subject, at once very real and very complicated if you pursue it – one starts with a spoon
stirring a cup of tea!”

3The introduction to my paper contains this sentence: “According to Kirchhoff’s lectures, such calculations were attempted by Gröbli a century
ago, but no general results seem to have emerged.” I suspect I had seen mention of Gröbli’s work in Lamb (1932), but not the actual thesis, and I
had taken Lamb’s understated synopsis of it, that it “contain[s] other interesting examples of rectilinear vortex-systems”, at face value.
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for N vortices.”
2In a letter to the author of January 10, 1985, Synge wrote: “It is very annoying to solve a problem and then find out that it has been done before.

It has happened to me often, because I am very lazy about looking up the literature. As far as I remember, I solved the three-vortex problem, and
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with the stipulation that ∆ > 0 if 123 appear counter-clockwise in the plane, and ∆ < 0 if 123
appear clockwise.

Equations (1) can be thought of as a dynamical system involving the sides, self-contained except
when ∆ = 0 and the vortices are collinear4. As a dynamical system they have the integrals:
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see (III.18), and
log s1
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+
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+

log s3

Γ3
, (4)

see (III.13).
Elimination will, in principle, yield an autonomous equation with one dependent variable,

which is an integrable problem. We have, in essence, pursued that route in Chapters IV and V. The
main challenge now is to provide a convenient way of visualizing the different regimes of motion
that arise as the parameters of the problem, viz Γ1, Γ2, Γ3 and the values of the two integrals, are
varied.

In the following we again assume the vortices numbered such that Γ1 ≥ Γ2 > 0. As we have
already argued, this may be done without loss of generality. It will be useful to have separate
symbols for the three symmetric functions of the vortex strengths. We set

γ1 = Γ1 + Γ2 + Γ3,

γ2 = Γ1Γ2 + Γ2Γ3 + Γ3Γ1, (5)
γ3 = Γ1Γ2Γ3.

2. The phase plane
We assume for now that the integral (3) is non-zero, returning to the case when it vanishes

below, a special case that holds its own richness. Since the magnitude of (3) defines a time-scale
for the flow, we are at liberty to choose the value of this integral as σ = +1 if it is positive, or as
σ = −1 if it is negative. In either case we define

b1 = σ
s2
1

Γ1
, b2 = σ

s2
2

Γ2
, b3 = σ

s2
3

Γ3
, (6)

and (3) becomes simply
b1 + b2 + b3 = 1. (7)

This equation immediately suggests representing (b1, b2, b3) as trilinear coordinates, since the
constraint of a constant sum is then ‘built into’ the representation. Details of this construction are
as follows: Consider an equilateral triangle V1V2V3 of altitude 1 as shown in Fig.1. For any point
in the plane of this triangle let b1, b2, b3 denote the distances from the (possibly extended) sides of
the triangle taken with the sign convention indicated by the arrows. With reference to Fig.1, for
point P the values of b1, b2 and b3 are all positive and may be thought of as the altitudes in the three
triangles ∆V2PV3, ∆V3PV1 and ∆V1PV2, respectively. Their sum, multiplied by the length of a
side in ∆V1V2V3 and divided by 2, is the sum of the areas of the three triangles. Clearly, this sum

4This qualification is important. It is emphatically not true that the relative distances between vortices remains fixed whenever they are collinear.
Ambiguities arising from ∆ = 0 in Eqs.(1) can be resolved by appealing to Eq.(III.43).
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Constants of the motion:

Geometric representation:
sign of

Triangle inequalities:
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triangle and its mirror image yield the same point in the phase plane. As the vortex configuration
evolves in the physical (x, y)-plane, the phase point will trace out a certain trajectory in the phase
plane. Studying this trajectory will allow us to track the evolution of the vortex configuration in a
convenient geometrical representation.

With our sign conventions for the vortex strengths as given, we see from (6) that b1, b2 and b3

will all be positive if Γ3 is positive (in which case σ must also be positive). If Γ3 < 0, σ may be
either positive or negative. For positive σ we obtain positive b1 and b2 but negative b3. For negative
σ both b1 and b2 are negative but b3 is positive. Thus, the phase point must always lie in one of the
three regions marked I, II or III in Fig.1.

3. Physically accessible regions
So far we have treated b1, b2, b3 as completely independent quantities. However, from their

definition we see that they originate as scaled sides in a triangle, and so they are constrained by the
triangle inequalities

s1 ≤ s2 + s3, s3 ≤ s1 + s2, s2 ≤ s3 + s1. (8)
These inequalities are only satisfied in certain subsets of the phase plane. For a given choice of
vortex strengths, and a given value of σ, we call the region in the phase plane for which (8) are
satisfied the physical region.

The three inequalities (8) are equivalent to

(s1 + s2 + s3)(−s1 + s2 + s3)(s1 + s2 + s3)(s1 + s2 − s3) ≥ 0, (8’)

or
2(s2

2s
2
3 + s2

3s
2
1 + s2

1s
2
2) ≥ s4

1 + s4
2 + s4

3, (8”)
which in terms of the variables b1, b2, b3 says

2(Γ1Γ2b1b2 + Γ2Γ3b2b3 + Γ3Γ1b3b1) ≥ (Γ1b1)
2 + (Γ2b2)

2 + (Γ3b3)
2. (9)

These inequalities assure that the right hand side of Heron’s formula, Eq.(2), is positive.
The boundary of the physical region is obtained by using the = sign in (9). A quadratic equation

in the trilinear coordinates results. Since the b’s can be written as linear combinations of the usual
cartesian coordinates in the plane, a quadratic equation in the b’s defines a conic section (circle,
ellipse, parabola or hyperbola). In order for a state of the vortex triangle to correspond to a point on
the physical region boundary one of the triangle inequalities (8) has become an equality. Hence,
points on the physical region boundary in the phase plane correspond to collinear three-vortex
configurations.

Since (9) is homogeneous of the second degree in the b’s, the conic bounding the physical region
touches each of the axes of the trilinear coordinate system, i.e., each of the three lines delineating
the basic triangle in Fig.1 is tangent to the physical region boundary at some point. The trilinear
coordinates of these points of tangency are easily found. For example, setting b1 = 0 in (9) (with
the equal sign) we see that we must have b2 : b3 = Γ3 : Γ2. Combined with (7) this gives the point
of tangency of the physical region boundary on the b1-axis as

T1 : (b1, b2, b3) =

(
0,

Γ3

Γ2 + Γ3
,

Γ2

Γ2 + Γ3

)
. (10a)

The other two points of tangency follow by permutation of indices

T2 : (b1, b2, b3) =

(
Γ3

Γ3 + Γ1
, 0,
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Γ3 + Γ1

)
, (10b)
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triangle and its mirror image yield the same point in the phase plane. As the vortex configuration
evolves in the physical (x, y)-plane, the phase point will trace out a certain trajectory in the phase
plane. Studying this trajectory will allow us to track the evolution of the vortex configuration in a
convenient geometrical representation.

With our sign conventions for the vortex strengths as given, we see from (6) that b1, b2 and b3

will all be positive if Γ3 is positive (in which case σ must also be positive). If Γ3 < 0, σ may be
either positive or negative. For positive σ we obtain positive b1 and b2 but negative b3. For negative
σ both b1 and b2 are negative but b3 is positive. Thus, the phase point must always lie in one of the
three regions marked I, II or III in Fig.1.

3. Physically accessible regions
So far we have treated b1, b2, b3 as completely independent quantities. However, from their

definition we see that they originate as scaled sides in a triangle, and so they are constrained by the
triangle inequalities

s1 ≤ s2 + s3, s3 ≤ s1 + s2, s2 ≤ s3 + s1. (8)
These inequalities are only satisfied in certain subsets of the phase plane. For a given choice of
vortex strengths, and a given value of σ, we call the region in the phase plane for which (8) are
satisfied the physical region.

The three inequalities (8) are equivalent to

(s1 + s2 + s3)(−s1 + s2 + s3)(s1 + s2 + s3)(s1 + s2 − s3) ≥ 0, (8’)

or
2(s2

2s
2
3 + s2

3s
2
1 + s2

1s
2
2) ≥ s4

1 + s4
2 + s4

3, (8”)
which in terms of the variables b1, b2, b3 says

2(Γ1Γ2b1b2 + Γ2Γ3b2b3 + Γ3Γ1b3b1) ≥ (Γ1b1)
2 + (Γ2b2)

2 + (Γ3b3)
2. (9)

These inequalities assure that the right hand side of Heron’s formula, Eq.(2), is positive.
The boundary of the physical region is obtained by using the = sign in (9). A quadratic equation

in the trilinear coordinates results. Since the b’s can be written as linear combinations of the usual
cartesian coordinates in the plane, a quadratic equation in the b’s defines a conic section (circle,
ellipse, parabola or hyperbola). In order for a state of the vortex triangle to correspond to a point on
the physical region boundary one of the triangle inequalities (8) has become an equality. Hence,
points on the physical region boundary in the phase plane correspond to collinear three-vortex
configurations.

Since (9) is homogeneous of the second degree in the b’s, the conic bounding the physical region
touches each of the axes of the trilinear coordinate system, i.e., each of the three lines delineating
the basic triangle in Fig.1 is tangent to the physical region boundary at some point. The trilinear
coordinates of these points of tangency are easily found. For example, setting b1 = 0 in (9) (with
the equal sign) we see that we must have b2 : b3 = Γ3 : Γ2. Combined with (7) this gives the point
of tangency of the physical region boundary on the b1-axis as

T1 : (b1, b2, b3) =

(
0,

Γ3

Γ2 + Γ3
,

Γ2

Γ2 + Γ3

)
. (10a)

The other two points of tangency follow by permutation of indices

T2 : (b1, b2, b3) =

(
Γ3

Γ3 + Γ1
, 0,

Γ1

Γ3 + Γ1

)
, (10b)
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Gröbli goes into considerable additional detail, obtaining explicit integral expressions for the
polar angle of a vortex as a function of time. Trajectories are plotted for one particular case.
Unfortunately, the geometrical construction just outlined is not accompanied by any diagrams.

(a)

3

1

2

1! !3

!2

(b)

Figure 2: Vortex trajectories for three identical vortices, a case illustrated in detail by Gröbli in his thesis. (Top) Figure
4 from Excerpt #17; (a) a modern re-calculation; (b) one period of the area pulsation. Initial vortex positions (solid
circles) are labeled 1, 2, 3, final positions (open circles) 1′, 2′, 3′. The value of of λ2 is 243/343 ≈ 0.708....

We shall return to many more details of the motion of three identical vortices below and the
last few paragraphs of Excerpt #17 should then become clearer. Without further comment we
proceed to an excerpt from a paper by E. A. Novikov, written almost a century after Gröbli’s, a
paper that contributed much to the reconsideration of the point vortex problem in the context of
the modern theory of dynamical systems, as mentioned in the Preface. In Section 2 of his paper
Novikov discusses the motion of three identical vortices, and describes and illustrates exactly the
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Nikolai Yegorovich Zhukovskii
1847 - 1921
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(a) (b)

(c)

Figure 1: Bounded motion for the system (Γ,Γ,−Γ): (a) Fig.1 from Gröbli’s dissertation; (b) a similar illustration
from Zhukovskii’s lecture; (c) a modern numerical calculation. The initial conditions in (a) and (c) are z1 = 1

3 , z2 = 1
2 ,

z3 = 5
6 corresponding to Λ = − 1

12 . The integration has been carried out for a time interval of length 5
2T , where T is

given by (23a). The historical figures tend to exaggerate the undulations of the outer, negative vortex. This motion is
a three-vortex counterpart of the two-vortex problem (2Γ,−Γ).

Also the quantity Γ, that we assume positive, will be given a special value. In this way a unit
of time is chosen. We shall set Γ = 2π. Now, using the formulae established so far, the first of
Eqs.(III.10a) and (III.10b) become

dρ1

dt
= −(ρ2

1 − 1)3/2(ρ4
1 − 4(Λ2 − Λ)ρ2

1 + 4Λ2)1/2

ρ3
1(ρ

2
1 + 4Λ)

, (12a)

Gröbli 1877 Modern computation
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From the convention leading up to (4) we now see that as L→∞, Gröbli’s units correspond to the
choice d = 1. Thus,

1− 2σ = 4Λ (25)

The limiting cases, Λ = −1
4 , 0, 2, then, correspond to σ = 1, 1

2 ,−
7
2 , respectively. For σ = 1 the

incoming pair 13 is aimed straight for target vortex 2 which is on the perpendicular bisector of the
incoming pair. For σ = 1

2 the vortices of the incoming pair, 1 and 3, are lined up with the center of
vorticity and vortex 2, respectively. When σ = −7

2 , vortices 1 and 3 are offset from target vortex 2
by −5d and −4d, respectively.

The equations of motion developed previously allow us to draw some general conclusions about
the trajectories of the vortices when the incoming pair 13 is at a great distance from the “target”
vortex 2. One might think that the the pair 13 simply propagates as a free vortex pair, as studied in
III §1, i.e., that the trajectories of vortices 1 and 3 asymptote to the lines x1 = σ − 1

2 = −2Λ and
x3 = 1− 2Λ, respectively. However, there is a small surprise here due to the long-range nature of
the vortex interactions.

Let us consider the trajectory ρ1(ϑ1) of vortex 1 at large distances from the target vortex and
the origin (or center of vorticity). We have from (13)

dϑ1

dρ1
= − (1− 2Λ)ρ2

1 + 2Λ

ρ1

√
(ρ2

1 − 1)(ρ4
1 − 4(Λ2 − Λ)ρ2

1 + 4Λ2)
≈

− 1

ρ2
1

[
1− 2Λ + (1

2 − Λ + 6Λ2 − 4Λ3)
1

ρ2
1

+ . . .

]
.

Thus, introducing the limiting condition ϑ→ −π
2 as ρ1 →∞,

ϑ1 ≈ −
π

2
+ (1− 2Λ)

1

ρ1
+ 1

3(
1
2 − Λ + 6Λ2 − 4Λ3)

1

ρ3
1

+ . . . (26)

In cartesian coordinates

x1 = ρ1 cos ϑ1 ≈ 1− 2Λ +
2Λ

3

1

ρ2
1

+ . . . , (27a)

y1 = ρ1 sin ϑ1 ≈ −ρ1 + (1
2 − 2Λ + 2Λ2)

1

ρ1
+ . . . (27b)

For large ρ1 the trajectory of vortex 1 asymptotes to the curve9

(x1 + 2Λ− 1)y2
1 =

2Λ

3
. (28a)

In particular, the line x1 = 1 − 2Λ is the asymptote to the trajectory of vortex 1 (and not the line
x1 = −2Λ that we anticipated based on the motion of a free vortex pair). Similarly (see Ex.4
below) it may be shown that the trajectory of vortex 3 asymptotes to the curve

(x3 + 2Λ− 2)y2
3 =

8Λ

3
, (28b)

i.e., the line x3 = 2(1 − Λ) is the asymptote to this trajectory (and not the line x3 = 1 − 2Λ
anticipated based on the motion of a free vortex pair). The necessary ODEs for dρ3/dt and dϑ3/dt
expressed in terms of ρ3 are developed in the next subsection.

9The case Λ =0 is an exception but this case is easily analyzed directly as done in §4.

Critical values
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−1
4 < Λ < 2 is the exchange scattering regime, whereas the ranges Λ < −1

4 and Λ > 2 both
correspond to direct scattering. Finally, Λ = −1

4 and Λ =2 correspond to trapping as t → ∞
into an equilateral triangle (§5) or a collinear relative equilibrium (§6) respectively. The small-
impact parameter interval corresponding to exchange scattering is thus delimited at both ends by
asymptotic trapping into a relative equilibrium.

(a) (b)
Figure 7: Examples of direct scattering close to trapping. (a) Λ = −0.255, (b) 2.01. Note that the orientation of the

vortex triangle changes following collinearity. Substantial scattering angles are possible close to trapping.

Consider first the ranges Λ < −1
4 or Λ > 2. In the initial condition, Fig.2, the orientation of

triangle 123 is clockwise and s1 is much larger than s2. Since, cf. (32) and (45a),

(s2
3 − 4Λ)2 − 4s2

3 = (s2 −R+)(s2
3 −R−) = (s2

1 − s2
2)

2,

we see that s1 − s2 never decreases to zero, i.e., s1 > s2 throughout the motion. The pair 13
moves towards the target vortex 2 while orbiting the center of vorticity. The distance s3 evolves
according to (45a) with the minus sign. Eventually s2

3 reaches its smallest value 4Λ2 and the
vortices momentarily become collinear. At collinearity we must have s3 = s1 + s2 or s3 = s1− s2

(s3 = s2 − s1 is excluded by s1 > s2). We also have s2
1 + s2

2 = 4Λ(Λ − 1) by using (29) with
s2
3 = 4Λ2.

Thus from s2
3 = (s1 − s2)2 at collinearity we get s1s2 = −2Λ, which is only compatible with

Λ < 0. The values of s1 and s2 at collinearity are given by

(s1 + s2)
2 = 4Λ(Λ− 2), (s1 − s2)

2 = 4Λ2.

The solutions are

s1 = −Λ
(
1 +

√
1− 2

Λ

)
, s2 = Λ

(
1−

√
1− 2

Λ

)
. (46a)

At collinearity vortex 1 is situated between vortices 2 and 3 (Fig.7a).
Similarly, from s2

3 = (s1 + s2)2 we get s1s2 = 2Λ, which is only compatible with Λ > 0. At
collinearity s1 and s2 solve

(s1 + s2)
2 = 4Λ2, (s1 − s2)

2 = 4Λ(Λ− 2).
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As the reader may already have anticipated, the two other special cases, Λ = −1
4 and Λ =2 ,

correspond to cross-overs from exchange to direct scattering, and so define what is meant by ‘large’
and ‘small’ σ. For these particular cross-over values the three vortices settle into a rigidly rotating
configuration as t→∞. We refer to such motions as trapping motions, although separatrix motion
– considering the type of motion this is in the phase space of the three-vortex system – would also
be a good term. Thus, as σ is varied from −∞ to +∞, we find direct scattering for all σ < −7

2 .
For σ = −7

2 (i.e., Λ =2 ) we have a trapping motion. As we shall see below, the three vortices
asympotically form a collinear configuration with the negative vortex at the midpoint of the line
connecting the two positive vortices. For −7

2 < σ < 1 we have exchange scattering. We just
analyzed the particularly simple case that occurs for σ = 1

2 or Λ =0 . At σ = 1 (Λ = −1
4 ) we have

trapping once again, this time into the equilateral triangle configuration. For σ > 1 we again have
direct scattering. We now proceed to details of these statements.

5. Trapping in an equilateral triangle configuration
Gróbli’s discussion of the limiting case Λ = −1

4 is quite comprehensive. He shows the trapping
motion in the context of a scattering problem, that we have just described, and he shows that there
is a bounded motion counterpart in which the vortex triangle settles into an equilateral triangle with
vortices 123 arranged in one orientation for t→∞ and in the opposite orientation for t→ −∞.

There are some immediate consequences of Eqs.(3), (6), (9) and (14) for Λ = −1
4 . Thus,

ρ2 = 1, as discussed following (8), and s2 = 1 by (3). Vortex 2, then, moves on the unit circle,
centered on the origin, the center of vorticity. Comparing (2) and (3) we see that s3 = s1, so the
vortex triangle is always isosceles with a base of fixed, unit length. From (14) we see that vortex 1
negotiates its trajectory, whatever it may be, with constant speed.

(a) (b)

3

1

2

1!

!3

!2

Figure 4: (a) Gröbli’s illustration of trapping in an equilateral triangle configuration; (b) later parts of a recalculation
using the initial conditions in Fig.2 with σ = 1, L = 100. (Trajectories of vortices 1 and 3 coming in from ‘infinity’
are shown; vortex 2 is only tracked from configuration 123 to 1′2′3′.) Note that the asymptotes to the trajectories of
vortices 1 and 3 are at x1 = 3

2 and x3 = 5
2 , respectively and not, as one might expect, x1 = 1

2 and x3 = 3
2 .

From Fig.2 it is clear that the early phases of the motion consist of the pair 13 moving towards
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(41a) as previously argued. The explicit solution, up to a constant, is

t = −
√

s2
3 − 4 +

4√
3

log

√
s2
3 − 4 + 2

√
3√

s2
3 − 4− 2

√
3
. (41b)

We see from (41a) that s3 will decrease until it reaches 4. According to (3) this corresponds
to ρ3 = 0, i.e., vortex 3 has reached the origin. From (9) we now get ρ1 = 2, and then from
(4) that also ρ2 = 2. Since vortex 3 is at the origin, it follows from (1) that vortices 1 and 2
are symmetrically situated on a line through the origin. The asymptotic state to which the three
vortices converge is collinear with vortex 3 at the midpoint of 12. This configuration rotates as a
rigid body. Figure 6 illustrates the motion.11

31

2

1!

!3

!2

Figure 6: Trapping of the three-vortex system (Γ,Γ,−Γ) in a collinear relative equilibrium.
Motion is from configuration 123 to 1′2′3′.

We note that Eq.(34b) reduces to
dϑ3

dt
= − 2

s2
3

(42)

for this case. This shows that the angle ϑ3 continually decreases. Since s3 → 4, the asymptotic
rotation frequency of vortex 3 as it approaches the origin is −1

8 . It is easy to see from (12b) that
the angular rotation frequency of vortex 1 approaches this same limit as ρ1 → 2. Alternatively, this
may be seen from the formula for w1, Eq.(14). Similarly, the angular rotation frequency of vortex
2 approaches −1

8 .
11A very similar illustration appears as Fig.23 of Morikawa & Swenson (1971).
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For exchange scattering, −1
4 < Λ < 2, R+ is the largest root on the right hand side of (45a).

Initially, (45a) applies with the−sign as before. The side length s3 decreases and eventually attains
its minimum value s(min)

3 = 1 +
√

1 + 4Λ, see (45b). This occurs when s1 = s2 according to (32),
that is, as the vortex triangle becomes isosceles. The vortices do not become collinear in this
parameter range so the (clockwise) orientation of the vortex triangle 123 is preserved throughout
the motion. The common value of s1 and s2 when the triangle becomes isosceles, s12, is given by
s2
12 = s(min)

3 , i.e.,

s12 =

√
1 +
√

1 + 4Λ. (54)

After the vortex triangle has become isosceles, we know that s3 will again increase, hence s2
3 will

increase and with it ∆2 will increase. Since the triangle orientation is preserved, and ∆ < 0, it
follows that ∆ will decrease, and from (31) that s2

1 − s2
2 < 0 in the ensuing motion. Hence, the

sign in (45a) flips. While we had s1 > s2 during the “incoming phase” of the motion, after the
isosceles triangle configuration has been reached we will have but s1 < s2 during the “outgoing
phase”. This implies that vortices 2 and 3 have now paired up and will leave vortex 1 behind as
they depart for infinity.

(a)
3

1

2

1!

!3

!2

(b)
31

2

1!

!3

!2

Figure 8: Examples of exchange scattering close to trapping. (a) Λ = −0.245, (b) 1.95.
The vortices are never collinear. Substantial scattering angles are possible close to trapping.

In place of (47) we now have the formula

∆ϑ3 = 2

∫ ∞

(1+
√

1+4Λ)2

[(1− Λ)z + 4Λ2]dz

(z − 8Λ)
√

(z − 4Λ2)[(z − 4Λ)2 − 4z]
. (55)

Exercise 6: Equation (44) gives ∆ϑ3 = π for Λ =0 as expected (cf. Fig.4).
The quantity ∆ϑ3 as a function of Λ (or σ, which is simply related to it by (30)) is shown in

Fig.9. For very large |σ| the incoming pair 13 essentially passes by the target vortex 2 without
deflection. Thus, as Λ → −∞ (i.e., as σ → +∞) the net change in polar angle of vortex 3, ∆ϑ3,
must tend to π. As Λ → +∞ (i.e., as σ → −∞) the net change in polar angle of vortex 3, ∆ϑ3,
must tend to −π. These limits were the subject of Ex.5.

Close to the values of σ that correspond to trapping vortex 3 orbits the center of vorticity many
times. Hence, ∆ϑ3, diverges to +∞ at Λ = −1

4 and to −∞ at Λ =2 .
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Interacting Two-dimensional Vortex Structures: Point Vortices, Contour Kinematics and Stirring Properties
V. V. MELESHKO & G. J. F. VAN HEIJST, Chaos, Solitons & Fractals, 4 (6), 977-1010 (1994)
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The case of vanishing total circulation 
  Γ 1z1 +Γ2z2 +Γ3z3= X+ iY

 z1 – z2= Z

  Γ 1 +Γ2 +Γ3 =0

  
z2 –z3 =

Γ 1Z–Ξ
Γ3

  
z3 –z1 =

Γ2Z+Ξ
Γ3

  Ξ = X + iYwhere

Set Then, all vortex separations 
can be stated in terms of Z

Rott, Aref (1989)



  
z1
* = 1

2πi
Γ2

z1–z2
+ Γ3

z1–z3

z2
* = 1

2πi
Γ 1

z2– z1
+

Γ3
z2– z3

z3
* = 1

2πi
Γ 1

z3– z1
+ Γ2

z3– z2

  
Z*= –

Γ3
2

2πi

  
Γ3

–1

Z + Γ2
–1

Z+
Ξ

Γ2

+ Γ 1
–1

Z–
Ξ

Γ 1

Equations of motion
combine to produce

 
→  
↓

 ↵

Rott, Aref (1989)



Interpret as advection of particle at Z by three 
stationary vortices:
   Circulation     Position

  
Z*= –

Γ3
2

2πi

  
Γ3

–1

Z + Γ2
–1

Z+
Ξ

Γ2

+ Γ 1
–1

Z–
Ξ

Γ 1

  
Γ3

–1

  
Γ2

–1

  
Γ 1

–1

Note:
    +    +     ≠ 0  
Γ 1

–1   
Γ2

–1   
Γ3

–1  –Ξ
Γ2

–Ξ
Γ2

  Ξ
Γ 1

Ξ
Γ 1

Origin

Rott, Aref (1989)

Rotate coordinates so X = 0



  Γ 1:Γ2:Γ 3 = 2:1:(–3)

Rott, Aref (1989)
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translating relative equilibria

B is mirror image



Saddle connections flip vortex triangle orientation

  Γ 1:Γ2:Γ 3 = 2:1:(–3)
Trajectory plots by M. A. Stremler
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The zero-impulse case:    = 0

Best known example: Vortex 
Tripole

Lab version: Kloosterziel & 
van Heijst, J. Fluid Mech. 223 
(1991) 1

Point vortex counterpart: 
Three vortices on a line with 
strengths in the ratio -1:2:(–1)

Configuration rotates about 
central vortex

 Ξ

Photo courtesy of G. J. van Heijst



The “restricted” four-vortex problem
Advection of a particle by flow field due to 
three interacting vortices

Dynamical system:
  

zα* = 1
2πi

Γβ
zα– zβΣ′

β = 1

3

z* = 1
2πi

Γα
z – zαΣ

α = 1

3

z-motion is non-
integrable in 
general; simple 
example of
chaotic advection

H. Aref, “The development of chaotic advection.” 
Physics of Fluids 14, 1315-1325 (2002).



1:1:1 2:2:(–1)

Siebeck conic

Dividing streamlines

Stagnation points
Vortices

Stagnation points as foci

H. Aref & M. Brøns, “On stagnation points and streamline topology in vortex flows.”
J. Fluid Mech. 370, 1-27 (1998)



Integrable four-vortex motion

[X, Y] = , [X, I] = 2Y, [Y, I] = –2X

  

ΓαΣ
α = 1

N
However, recall earlier results:

Thus, if X = Y = 0, and         = 0, X, Y, I and H 
  

ΓαΣ
α = 1

N

are 4 independent integrals in involution...

...and the four-vortex problem is integrable!

Eckhardt (1988); Aref & Stremler (1999)

In general, four-vortex motion is non-integrable.
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Sample trajectories 
for the integrable
four-vortex system 
with circulations
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From H. Aref & M. A. Stremler, 
“Four-vortex motion with zero 
total circulation and impulse.” 
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(1999)



Three vortices in a periodic strip or box
•"Think of as vortex rows/lattices (strip/box)
•"System is still Hamiltonian
•"Translational invariance is maintained
•"Rotational invariance is lost
•"Thus, H, X and Y are general integrals

"   [H, X] = [H, Y] = 0, [X, Y] =

•"Conclusion: Three-vortex system with zero net 
" circulation in a periodic strip/box* is integrable
*)"Double periodicity of flow field assures zero net circulation

  

ΓαΣ
α = 1

N



Kármán vortex street
• Steady state: two-vortices-in-a-strip problem
• Stability: four-vortices-in-a-strip (Domm 1959)



cosh
πh

l
=

√

2

Theodore von Kármán
(1881-1963)

h

l



dz!

dt
=

1
2"i !#=1

N

!$#" 1
z! − z#

+ 2!
n=1

%
z! − z#

#z! − z#$2 − #nL$2% .

The function in square brackets,

1
z

+ 2!
n=1

%
z

z2 − #nL$2 =
"

L" L

"z
+ 2!

n=1

%
"z/L

#"z/L$2 − #n"$2% =
"

L
cot&"z

L
'

by the partial fraction decomposition of cot.
Thus we have, finally,

dz!

dt
=

1
2Li !#=1

N

!$# cot""#z! − z#$
L

% . #51$

These are the equations of motion for N vortices in a periodic strip of width L or, equivalently, for
N vortex rows within each of which the spacing between the identical vortices in the row is L.
Equation #51$ appears to have been first published in 1928 by Friedmann and Poloubarinova.23

Equation #51$ shares many properties of the equations of motion on the infinite plane. The
periodic strip system may be cast in Hamiltonian form. The Hamiltonian, as may be easily seen
from Eq. #51$, is

H = −
1

4"
!

!,#=1

N

!$!$# log(sin""#z! − z#$
L

%( . #52$

Two of the integrals familiar from the infinite plane case, the components of the linear impulse, P
and Q,

Q + iP = !
!=1

N

$!z!, #53$

remain integrals for the periodic strip system, as was emphasized in 1959 by Birkhoff and Fisher12

in a thought-provoking paper. However, the integral I is lost. The invariance of the Hamiltonian to
translations in the y direction is clear enough, since this is the direction of the strips. The invari-
ance to translations in the periodic direction is more mysterious. Rigorously speaking there is a
subtlety involved since each x! appearing in P is only defined modulo the strip width L, i.e., if in
the course of its motion a vortex “leaves” the basic strip at x=L, it “reappears” at x=0. Hence, Q
is not solely determined by the instantaneous configuration of the vortices in the basic strip—in
order to verify that Q is an integral of the motion, one also needs to know or keep track of how
often each vortex has gone through the basic strip. Nevertheless, Q is well defined over time
intervals short enough for the same vortices to remain in the basic strip, and we have the usual
linkage between the invariance of H to translations and the invariance of Q and P in time. The
subtlety deepens a bit when we realize that Q is an integral because of the invariance of H to
translations in the “trivial” y direction, whereas P, which is well defined without recourse to
vortex trajectory histories, corresponds to the translational invariance along the x axis.

Again, the “one-vortex problem”—which is now really a “one-row-of-vortices problem”—for
the dynamics )Eq. #51$* is trivial. The vortex #and the entire row$ remains stationary. A single row
of identical vortices, in the limit where the vortices are very close together, has often been used to
model a vortex sheet, and the basic integrodifferential equation of motion for such a sheet, the
so-called Birkhoff-Rott equation, may be obtained as a limit of the point vortex equations.

The result )Eq. #50$* is obtained by considering the flow field produced at z=x+ iy by a
periodic row of identical vortices. Assuming the vortices all to have circulation $, this flow field
is given by
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L

u − iv =
1

2Li !!=1

N

"! cot"##z − z!$
L

% . #54$

Equation #50$ is nothing but the statement that the induced velocity from a periodic row is
invariant to our decision as to how we partition this row into periodic segments.

Thus, consider vortices of circulation " placed at the origin and along the x axis at ±nL, n
being integer. Viewing this as a periodic system with one vortex per strip of width L, i.e., using
N=1 in Eq. #54$, we find the velocity at an arbitrarily chosen field point, z, to be given as

u − iv =
1

2Li
" cot&#z

L
' . #55$

Now, consider this exact same vortex configuration but use a strip of width pL, where p is an
integer $2. In this view of the row we have p vortices in the basic strip at x=0,L , . . . , #p−1$L.
The velocity at the arbitrary field point z must, of course, be exactly the same on physical grounds,
since nothing but our viewpoint concerning the width of the periodic strip has changed. By Eq.
#54$ the velocity calculated from the second point of view is given as

u − iv =
"

2pLi !n=0

p−1

cot"##z − nL$
pL

% . #56$

Equating the two expressions for the velocity (Eqs. #55$ and #56$) we have a proof by vortex
dynamics of the trigonometric identity (Eq. #50$).

Taking the limit z→0 of Eq. #50$ we have

1
p !

n=1

p−1

cot&n#

p
' = 0. #57$

Identity #50$ leads to many further identities by taking derivatives of it and/or substituting par-
ticular values for z. For example, taking the z derivative one obtains

1
p2 !

n=0

p−1
1

sin2##z − n#$/p$
=

1
sin2 z

,

which for z=−# /2 yields

!
n=0

p−1
1

sin2##(#2n + 1$/2p)$
= p2,

a formula that can, in turn, be used in proofs of further well known identities, cf. Ref. 28 and
references therein.

For vortices in a periodic parallelogram the cot interaction in Eq. #51$ is replaced by

dz̄!

dt
=

1
2#i !%=1

N

!"%&#z! − z%;'1,'2$ +
(1

2#i'1
#Q + iP$ −

P

)
. #58$

In this formula & is the Weierstraß & function for the parallelogram in question. The quantities '1
and '2 are the half-periods of the parallelogram, (1=&#'1$, and the particular form of Eq. #58$
arises when '1 is real. The quantities Q and P are the components of the linear impulse as before.
In this case the periodicity of the flow implies #by Stokes theorem$ that the sum of the vortex
strengths in the basic parallelogram must vanish. Again, this is a Hamiltonian system that retains
the integrals Q and P (Eq. #53$) for similar reasons and with similar caveats about tracking
vortices as they cross in and out of the basic periodic parallelogram as we discussed in the case of
the periodic strip. The details may be found in Ref. 48.
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Kármán vortex street as a
two-vortices-in-a-periodic-strip configuration

  
zα* = 1

2Li

  

Γβcot
π
L zα– zβΣ′

β = 1

N

continued continued



Shedding from an oscillating cylinder can 
produce vortex wake patterns with three 
vortices (net circulation zero) per cycle

Re = 140 photo by C. H. K. Williamson



Comparison of flow visualization and 2D simulation (FE with vortex 
method to give shedding at cylinder)                From Ponta & Aref, 2006



Three vortices, total circulation = 0,
in a periodic strip of width L
  Γ 1z1 +Γ2z2 +Γ3z3= X+ iY

 z1 – z2= Z

  Γ 1 +Γ2 +Γ3 =0

  
z2 –z3 =

Γ 1Z–Ξ
Γ3

  
z3 –z1 =

Γ2Z+Ξ
Γ3

  Ξ = X + iY

  
γ =

Γ2
Γ3

+ 1
2

Also:

Aref & Stremler, 1996



 ↵

 
z1
* = –i

  
Γ2C z 1–z2 + Γ3C z1–z3

 
z2
* = –i

 
z3
* = –i

  
Γ 1C z3–z1 + Γ2C z3– z1

  
Γ3C z2–z3 + Γ 1C z2–z1

  

C z =
cot π

Lz

2L

  
Z* = iΓ3

  
C Z +C Q– γ+ 1

2 Z – C Q– γ– 1
2 Z

  
Q =–X + iY

Γ3

  
γ =

Γ2
Γ3

+ 1
2

Aref & Stremler, 1996



  
Z* = iΓ3

  
C Z +C Q– γ+ 1

2 Z – C Q– γ– 1
2 Z

This ODE can be interpreted* in terms of 
advection by three vortex rows:

Circulation     Positions
  
Γ3

–1

  
Γ2

–1

  
Γ 1

–1

nL

n = 0, ±1, ±2, ...
  –Ξ+ nLΓ3

Γ2
*) After some transformation  Ξ +nLΓ3

Γ 1

Note: If   is rational, 
rows are commensurate!

 γ

Aref & Stremler, 1996



  Γ 1:Γ2:Γ 3 = 2:1:(–3)

3L

III

I

II

III

I

II

III

I

II

IV IVIV

VII

VII

V

VI

A B



2

1

!3

III

L

2

1

!3

III
2

1

!3

IV 2

1

!3

Trajectories that correspond to infinite plane case:

  Γ 1:Γ2:Γ 3 = 2:1:(–3)



2

1

!3

VIV
2

1

!3

VII
2

1

!3

L

More “exotic” trajectories:

  Γ 1:Γ2:Γ 3 = 2:1:(–3) Commensurate case – relative motion is periodic!



Simulation of three-vortex shedding from an oscillating cylinder
Parameters: Re = 140, A/d = 1,   /d = 7.5 λ

Fernando Ponta, 2003



  Γ 1:Γ2:Γ 3 = 2:1:(–3)

3L
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VII

VII
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VI
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L

1
2

!3



1 1

–2

1

3

– 4
3:1:(–4)

1:1:(–2)

Three-vortices-per-period relative equilibria 
can be found analytically (Stremler 2003)

Other examples where translation is along the rows – oblique streets also in abundance!



  Γ 1:Γ2:Γ 3 = 2:1:(–3)

3L

III

I

II

III

I

II

III

I

II

IV IVIV

VII

VII

V

VI

A B

Bonus

Advecting configurations 
are steady states!

Momentumless wakes? 
Non-zero net circulation...

Periodic for rational ratio 
of strengths, but aperiodic 
otherwise!



Advection problem for three 
vortices, 

3L

  Γ 1:Γ2:Γ 3 = 2:1:(–3)

Advecting vortices of
the three “families”

Sample trajectory corresponding 
to a “complex” regime

From Stremler & Aref, 1999 Z-plane



Advection problem for  
  Γ 1:Γ2:Γ 3 = 9:1:(–10)

“Complex regimes” 
produce “maximal 
chaotic advection”

Advecting vortices are 
steady state in square 
of side 10L

From Stremler & Aref, 1999



370 J .  C ,  McWilliams 

FIGURE 2. For caption see facing page. 
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